Stochastic processes on totally disconnected topological groups are investigated. In particular, they are considered for diffeomorphism groups and loop groups of manifolds on non-Archimedean Banach spaces. Theorems about a quasi-invariance and a pseudodifferentiability of transition measures are proved. Transition measures are used for the construction of strongly continuous representations including the irreducible ones of these groups. In addition, stochastic processes on general Banach-Lie groups, loop monoids, loop spaces, and path spaces of manifolds on Banach spaces over non-Archimedean local fields are also investigated.
local subgroup) by Lie groups in the narrow sense; in the contrary case, to call them by Lie groups in the broad sense.
In this paper, also theorems about a quasi-invariance and a pseudodifferentiability of transition measures on the totally disconnected topological group G relative to the dense subgroup G are proved. In each concrete case of G, it is necessary to construct a stochastic process and G . Below, path spaces, loop spaces, loop monoids, loop groups, and diffeomorphism groups are considered not only for finite-dimensional, but also for infinite-dimensional manifolds.
In particular, loop and diffeomorphism groups are important for the development of the representation theory of nonlocally compact groups. Their representation theory has many differences with the traditional representation theory of locally compact groups and finite-dimensional Lie groups, because nonlocally compact groups have not C * -algebras associated with the Haar measures and they have not underlying Lie algebras and relations between representations of groups and underlying algebras (see also [17] ). In view of the A. Weil theorem, if a topological Hausdorff group G has a quasiinvariant measure relative to the entire G, then G is locally compact. Since loop groups (L M N) ξ are not locally compact, they cannot have quasi-invariant measures relative to the entire group, but only relative to proper subgroups G which can be chosen dense in (L M N) ξ , where an index ξ indicates a class of smoothness. The same is true for diffeomorphism groups.
It is necessary to note that there are quite another groups with the same name loop groups, but they are infinite-dimensional Banach-Lie groups of mappings f : M → H into a finite-dimensional Lie group H with the pointwise group multiplication of mappings with values in H. The loop groups considered here are geometric loop groups.
On the other hand, representation theory of nonlocally compact groups is little developed apart from the case of locally compact groups. For locally compact groups, theory of induced representations is well developed due to works of Frobenius, Mackey, and so forth. But for nonlocally compact groups, it is very little known. In particular, geometric loop and diffeomorphism groups have important applications in modern physical theories (see [16, 18] ).
Then, measures are used for the study of associated unitary representations of dense subgroups G .
In this paper, notations and definitions from [18, 20, 21] are used.
Stochastic antiderivational equations and measures on totally disconnected topological groups
Note 2.1. Let X be a Banach space over a local field K. Suppose M is an analytic manifold modelled on X with an atlas At(M) consisting of disjoint clopen charts (U j ,φ j ), j ∈ Λ M , Λ M ⊂ N. That is, U j and φ j (U j ) are clopen in M and X, respectively, φ j : U j → φ j (U j ) are homeomorphisms, and φ j (U j ) are bounded in X. Remark 2.3. Let M be a manifold on the Banach space X with an atlas At(M) consisting of disjunctive charts (U j ,φ j ), j ∈ Λ, Λ ⊂ N, where U j and φ j (U j ) are clopen in M and X, respectively, φ j : U j → φ j (U j ) is a homeomorphism, also φ j (U j ) = B(X, x j ,r j ) is a ball in X with a radius 0 < r j < ∞ for each j (see also [18, Sections I.2 
.1-8]).
For Λ = ω 0 , we define a Banach spacẽ which is called the diffeomorphism group (and the homeomorphism group for 0 ≤ t < 1), where Hom(M) is the group of continuous homeomorphisms. Each function f ∈ C 0 (t, M → X) has the following decomposition:
and
is the orthogonal basis, moreover,
where
is the Banach space with the norm induced from C 0 (t, M → X) such that
where β(n) < β(n+1) for each n and there exists n 0 ∈ N with β(n) = n for each n > n 0 , N 0 := N ∪{0}.
We take the following subgroup:
) > n for each n, and lim inf n→∞ s(n)/n =: ζ > 1. Then, there exists the following ultrametric in G :
Note 2.4. At first it is necessary to prove theorems about the quasiinvariance and the pseudodifferentiability of transition measures of stochastic processes on Banach spaces over local fields. We consider two types of measures on c 0 (ω 0 , K). The first is the q-Gaussian measure
(see [20, Section 2] ). The characteristic functional of the q-Gaussian measure is positive definite, hence µ is nonnegative (see also [11, Section 2.6] ). The second is specified below and it is the particular case of measures considered in [21, Theorem 4.2] . Let w be the real-valued nonnegative Haar measure on K with w(B(K, 0, 1)) = 1. We consider the following measure µ on c 0 (ω 0 , K):
x = j x j e j , e j is the standard orthonormal base in c 0 (ω 0 , K). Now, on the Banach space c 0 :
where f is a locally constant 
On the space C 
2.1.
Let Y be a Banach space over the local field K and V a neighbourhood of zero in Y . Consider either the measure µ S,γ,ψ or µ S outlined in Note 2.4. Suppose that in stochastic antiderivational equations [20, (3.8) and Theorem 3.4(i)], mappings a and E are dependent on the parameter y ∈ V , that is, a = a(t, ω, ξ, y) and E = E(t, ω, ξ, y); moreover, a k,l = a k,l (t,ξ,y) for each k and l in the latter equation, [20, condition (LLC) ] is satisfied for each 0 < r < ∞ with the constant K r independent from y ∈ V for each y ∈ V . Evidently, [20, (3.8) ] is the particular case of [20, Theorem 3.4(i) ], when in the latter equation the corresponding a 0,1 and a 1,0 are chosen with all the others a k,l = 0 (when k + l = 1). Also let (i) a, E, and a k,l be of class
(continuous and bounded on its domain) for each n, l, 0 < R 2 < ∞ and
(ii) ker(E(t,ω,ξ,y)) = 0 for each t, ξ, and y, also for λ-almost every ω;
for λ-almost all ω and each t, ξ, and y, where 
and ν k are probability measures on measurable spaces
In the first case, k p k (x k ) converges in the mean to µ(dx)/ν(dx). In the considered case here, let
where v is the nonnegative Haar measure on K, f is a positive function such [24] and [25, Section 7] ).
H)).
For the measure µ J and |y| < 1/|v|, there is the equality f (
In view of the definition of f k , there is the equality
From the conditions imposed on h k and f , the Kakutani theorem, and [21, Proposition 2.10] it follows that µ S is quasi-invariant relative to shifts 
In view of the preceding consideration, lim n→∞ ρ(P n z,
, whereP n is a projection on a subspace sp K (e 1 ,...,e n ) = K n , where {e j : j} is the orthonor- [20, (3.8) ] is the particular case of [20, Theorem 3.4(i)]. Therefore, it is sufficient to consider the latter equation. Below, it is shown that the one-parameter family of solutions ξ(t, ω, y) is of class C 1 by
Consequently, 19) where t j = σ j (t) for each j = 0, 1, 2,..., for the shortening of the notation, X n , x, and a l,k are written without the argument ω; a and E are written without their variables. Then 20) where X n ∈ C 0 0 (B R ,H) for each ω, y ∈ V and for each n, K is the same constant as in [20, Theorem 3.4 
On the other hand,
consequently,
Due to condition (ii) for each > 0 and 0
On the other hand, the partial difference quotient has the continuous extension
, that is expressible throughΦ 1 of a l,k , a, and E, and also through a l,k , a, and E themselves, where y ∈ V , h ∈ Y , ζ ∈ K such that y + ζh ∈ V , since analogous to (X n+1 − X n ) estimates are true forΦ 1 (X n+1 − X n ). Therefore, there exists the unique solution on each B and it is of class 
here B is an arbitrary ball of radius in
From [20, Proposition 3.11] it follows that the multiplicative operator functional T (t,v; ω; y) is of class C 1 by the parameter y ∈ V such that ξ(t, ω, y) =
T (t,v; ω; y)ξ(v,ω,y) for each t and v ∈ T .
Due to the existence and uniqueness of the solution ξ(t, ω, y) for each y ∈ V , there exists the operator U(y 2 ,y; ξ(t, ω, y)) := ξ(t, ω, y 2 ), that may be nonlinear by ξ. 
On the other hand, either µ S,γ,ψ or µ S is quasi-invariant relative to shifts z ∈ X 0,d (C 0 0 (T , H)) and S = S 1 ⊗ S 2 , consequently, the transition measure P y is quasi-invariant relative to shifts z ∈ X 0,d (H). In view of conditions (ii), (iii), and (iv), ∂U(y 2 ,y; η)/∂η−I ∈ L b (H) for each y 2 and y ∈ V , where η ∈ {ξ(t, ω, y) :
is defined P y -almost everywhere on H for each y 2 and y ∈ V . Therefore, there exists n such that for each j > n the mappings V (j;
, y 2 , and y ∈ V . In view of [10, Theorem 3.28] for each y 2 and y ∈ V , the transition measures P y 2 and P y are equivalent.
Theorem 2.6. Let conditions (i), (ii), (iii), and (iv) in Section 2.1 be satisfied and let
Proof. Up to a constant multiplier, the operator PD c (b, h(x)) of [18, Section I.3.1] coincides with the pseudodifferential operator 
where w is the Haar nonnegative measure on K. Then, is the bijective continuous isomorphism of L 2 (K,w,C) onto itself such that 
Let g be a continuously differentiable function g : R → R such that 
In view of [11, Theorem 4.3] and using the Kakutani theorem as in Note 2.4, we get the statements of this theorem, since the quasi-invariance factor P y (dx)/P u (dx) is pseudodifferentiable as the function by y of order b for each fixed u ∈ B(K, 0, 1). Proof. These topological groups also have structures of C ∞ -manifolds, which are infinite-dimensional over the local field K, but they do not satisfy the Campbell-Hausdorff formula in any open local subgroup [16, 18] . Their manifold structures and actions of G on G will be sufficient for the construction of the desired measures. These separable Polish groups have embeddings as clopen subsets into the corresponding tangent Banach spaces Y and Y in accordance with [14, 18] Consider left shifts
T e G) for each k and each l, where H, T e G , and T e G in their own norm uniformities are isomorphic with c 0 (ω 0 , K). Then, we put a x = (DL x )a e and A x = (DL x )•A e for each x ∈ G, hence a x ∈ T e G and A x ∈ L 1,κ (H x ,(DL x )T e G), where (DL x )T e G = T x G and T e G ⊂ T e G, H x
the product of two operators of the L d -class or the embedding is of the L 1 -class, where
Take a dense subgroup G from Note 2. 
]). Let
be the transition probability of the stochastic process ξ for t ∈ T , which is defined on a σ -algebra Ꮾ of Borel subsets in G, W ∈ Ꮾ, since each measure 
∞ extension on G and it provides the 1-parameter
In view of Theorem 2.7, the transition measure P is quasi-invariant and pseudodifferentiable of order b relative to the 1-parameter group ρ. This approach is also applicable to the case of two Polish manifolds G and G of class C ∞ on Y and Y over K. The quasi-invariance and pseudodifferentiability of the measure P on G relative to the 1-parameter group ρ (by the definition) mean such properties of P relative to the
Evidently, considering different (a, E) and {a k,l : k, l}, we see that there exist Ꮿ = card(R) nonequivalent stochastic (in particular, Wiener) processes on G and Ꮿ orthogonal quasi-invariant pseudodifferentiable of order b ∈ C with Re(b) > 0 measures on G relative to G . If M is compact, then in the case of the diffeomorphism group, its dense subgroup G can be chosen such that 
For such ∇, the torsion tensor is zero (see [9, Section 1.7] , [18] , and [25, Section 14.7] ). It defines the rigid analytic geometry and the corresponding atlas on G. Nevertheless, At(G) has the refinement At (G) such that charts of At (G) compose the disjoint covering of G.
Let a x be an analytic vector field and A x be an analytic operator field on G such that A x is an injective compact operator of class L d for each x ∈ G, since g is of separable type over a spherically complete field K and hence isomorphic with c 0 (ω 0 , K) (see [ 
37)
Γ φ is a bilinear operator of Christoffel in g, which has the transformation prop- , since 
Evidently, there exists 0 < r < ∞ such that the series for ψ • φ 
, then h n+1 ⊃ h n and h n is the subalgebra in g for each n ∈ N. In view of [21, Proposition 2.10], the space L d (g) is the ideal in L(g). Therefore, h := n h n is the ideal in g due to the anticommutativity and the Jacobi identity. Since K is spherically complete, there exists h n+1 h n =: t n+1 for each n ∈ N and t 1 := h 1 such that t n is the K-linear subspace of g (see [24] ). The completion in g of vectors z is denoted by Ꮿ 0 (g, {t n : n}) =: y such that z = n z n with z n ∈ t n for each n and lim n→∞ z n = 0. Evidently, y is the proper ideal in g such that h ⊂ y, since g is infinite dimensional over K. Then, the embedding θ of y into g is of class either L 1 or θ = θ 1 θ 2 such that θ 1 There exists a countable family (g j ,W j ) : j ∈ N of elements g j ∈ G \ W for each j > 1 and clopen subsets e ∈ W j ⊂ W such that g 1 = e, W 1 = W , and {g j W j : j} is a locally finite covering of G, since G is separable and ultrametrizable (see [5, Section 5.3] ). If P is a quasi-invariant and pseudodifferentiable of order b measure on a clopen subgroup W relative to a dense subgroup W , then P (S) := ( j P ((g 
2.2.
Theorem 2.7 gives the subgroup G concretely for the given group G, but Theorem 2.9 describes concretely G only for the case of G satisfying the Campbell-Hausdorff formula. For a Banach-Lie group not locally satisfying the Campbell-Hausdorff formula, Theorem 2.9 gives only the existence of G .
These transition measures P =: ν on G induce strongly continuous unitary regular representations of G given by the following formula: 
for each h ∈ G and G being the topological subgroup of G (see [3, 7] ). Then, analogously to Theorem 2.7 there can be constructed quasi-invariant and pseudodifferentiable measures on the manifold M relative to the action of the diffeomorphism group G M such that G ⊂ G M . Then, Poisson measures on configuration spaces associated with either G or M can be constructed [19] . There exists the stochastic process corresponding to µ S,γ,ψ with the certain choice of a, E, and a k,l such that the regular representation is irreducible, for the stochastic process corresponding to µ S the family of {f k : k} and a, E, and a k,l can be taken such that the regular representation is irreducible. More generally, it is possible to consider instead of the group G a Polish topological space X on which G acts jointly continuously, φ :
for each v and h ∈ G and each x ∈ X. If φ is the Borel function, then it is jointly continuous [3, 7] . 
(ii) for each f 1,j and f 2,j in H, j = 1,...,n, n ∈ N, and each > 0 there exists
Proof. From condition (i), it follows that the vector f 0 is cyclic, where f 0 ∈ H and f 0 (g) = 1 for each g ∈ X. In view of card(X) ≥ ℵ 0 and the ergodicity of ν for each n ∈ N, there are subsets U j ∈ Bf (X) and g j ∈ G such that ν ((g j U j )∩  ( i=1,...,j−1,j+1,. ..,n U i )) = 0 and Each Polish space isČech-complete. By the Baire-category theorem in aČech-complete space X, the union A = ∞ i=1 A i of a sequence of nowhere dense subsets A i is a codense subset (see [5, Theorem 3.9.3] ). On the other hand, in view of [8, Theorem 5.8] , a subgroup of a topological group is discrete if and only if it contains an isolated point. Therefore, we can choose a Radon probability measure λ on G such that λ has no atoms and supp(λ) = G . In view of the strong continuity of the regular representation, there exists the Bochner integral X T h f (g)ν(dg) for each f ∈ H, which implies its existence in the weak Pettis sense. The final part of the proof, follows from [18, Section II.3.2] (see also [16, 19] 
Proof. Pseudodifferentiable measures of order l can be used, either for each l ∈ N or for each −l ∈ N, for the verification of Theorem 2.10(i). Transition measures corresponding to stochastic processes that are quasi-invariant and pseudodifferentiable, each of order b ∈ C with Re(b) ≤ 0, can be analogously constructed starting with the corresponding measures µ S . To satisfy the conditions of this theorem, for example, in Theorem 2.7, it can be taken a = 0, E nondegenerate independent from t, and each a k,l = 0 besides a 0,1 = 1; in Theorem 2.9 it can be taken a = 0, E nondegenerate independent from t, and a k,l is defined by the exponential mapping for G. [14] ). Here, we can take a ∈ T G and A ∈ L 1,s (θ, τ) without relations with DL h , where s = q or s = 1, respectively. Then, repeating the major parts of the proof of Theorem 2.7 without L h and so more simply, but using actions of vectors fields of T G by ρ X on G, we get the statement of there exists a stochastic process η(t, ω) for which the transition measure P is quasi-invariant and pseudodifferentiable relative to each 1-parameter diffeomorphism group of G associated with a ᐁ G × ᐁ Y -C ∞ -vector field on G .
